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a b s t r a c t
The problem of blood flow through an overlapping constriction in arteries has been inves-
tigated. To account for the hematocrit and peripheral layer, blood has been represented by
a two-layered macroscopic model consisting of a core region of suspension of all the ery-
throcytes assumed to be a particle–fluid suspension (i.e., a suspension of erythrocytes in
plasma) and a peripheral layer of plasma (Newtonian fluid). The expression for the flow
characteristics, namely, the impedance, the wall shear stress, the shear stress at the steno-
sis throats and at critical height of the stenosis has been derived. The impedance increases
with the hematocrit as well as with the stenosis size and assumes lowermagnitude in two-
layeredmodel than its corresponding value in one-layeredmodel for any given hematocrit.
The shear stress at the two stenosis throats is same and assumes considerably higher value
than its correspondingmagnitude at the critical height. With respect to any parameter, the
shear stresses at the throats and at the critical height possess the characteristics similar to
that of impedance.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Circulatory disorders are known to be responsible for over seventy five percent of all deaths and stenosis or arteriosclero-
sis is one of the frequently occurring cardiovascular diseases. Stenosis is amedical termwhichmeans narrowing of any body
passage, tube or orifice [1]. It is an abnormal and unnatural growth that develops at various locations of the cardiovascular
system under diseased conditions. The etiology of the initiation of stenosis is although not well understood but it has been
suggested that deposits of cholesterol and proliferation of connective tissues may be responsible for the disease. Irrespec-
tive of the cause it is well established that once the constriction has developed, it brings about the significant changes in
the blood flow, pressure distribution, wall shear stress and the impedance (flow resistance) which occasionally results into
serious consequences [2]. In the region of narrowing arterial constriction, the flow accelerates and consequently the velocity
gradient near the wall region is steeper due to the increased core velocity resulting in relatively large shear stress on the
wall even for a mild stenosis. With the advent of the discovery that the hemodynamic factors play an important role in the
genesis and the proliferation of stenosis has attracted the interest of early investigators to study the response of blood flow
through stenotic lesions ([3–8] and others). A survey of most of the theoretical and experimental investigations, reported
so far, may be had from [1,2,9–13].
Blood being a suspension of corpuscles, behaves like a non-Newtonian fluid [14–16] in small diameter tubes. The
experimental observations of Cokelet [17] and theoretical investigation of Haynes [18] indicate that blood cannot be treated
as a single-phase homogeneous viscous fluid while flowing through narrow arteries (of diameter ≤ 1000 µm). Skalak [19]
concluded that an accurate description of the blood flow in small vessels requires the consideration of erythrocytes as
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Fig. 1. The geometry of an arterial overlapping stenosis.
discrete particles. Srivastava and Srivastava [20] observed that the individuality of red cells (of diameter 8µm) is significant
in such a large vessels with diameter up to hundred cells diameter and concluded that blood can be suitably represented by
a macroscopic two-phase model (i.e., a suspension of red cells in plasma) in small vessels (of diameter ≤ 2400 µm). A brief
discussion and survey on suspension modeling of blood flow has recently been presented by Srivastava [21]. In addition,
Bugliarello and Sevilla [22], Cokelet [17] and Thurston [23] have shown experimentally that for blood flowing through small
vessels, there is cell-free plasma (Newtonian viscous fluid) layer and a core region of suspension of all the erythrocytes.
Haynes [18] presented a two-fluid model of blood flow consisting of a core region of suspension of all the erythrocytes as a
homogeneous Newtonian viscous fluid and a cell-free plasma layer as a Newtonian fluid of constant viscosity (equal to the
viscosity of water). Srivastava [21] concluded that the significance of peripheral role increases with decreasing blood vessel
diameter.
A survey of the literature on arteriosclerotic development indicates that the studies conducted aremainly concernedwith
single symmetric and non-symmetric stenoses. The stenosesmay develop in series (multiple stenoses) ormay be of irregular
shapes or overlapping. Assuming that the pressure variation only along the axis of the tube, Chakravarty and Mandal [24]
studied the effects of an overlapping stenosis on arterial flowproblemof blood. An effort ismade in the presentwork to study
the effects of an overlapping stenosis on the flow characteristics taking into account that flowing blood is to be represented
as two-layered macroscopic two-phase (red cell–plasma system) model. The theoretical model used here enables one to
observe simultaneous effects of hematocrit and peripheral layer on flow characteristics of blood due to presence of an
overlapping stenosis in arteries. The wall in the vicinity of the stenosis is usually relatively solid when stenoses develop
in the living vasculature. The artery length is considered large enough as compared to its radius so that the entrance, end
and special wall effects can be neglected.
2. Formulation of the problem
Consider the axisymmetric flow of blood in a uniform rigid circular artery of radius Rwith an axisymmetric overlapping
stenosis. Blood is assumed to be represented by a two-layered model consisting of a central layer of suspension of all the
erythrocytes (i.e., a suspension of red cells in plasma) of radius R1 and a peripheral layer of plasma (a Newtonian viscous
fluid) of thickness (R−R1). The stenosis geometry and the shape of the central layer, assumed to bemanifested in the arterial
segment, are described [24,25] in Figs. 1 and 2, respectively, as
(R(z), R1(z))
R0
= (1, α)− 3
2
(δ, δ1)
R0L40
[11(z − d)L30 − 47(z − d)2L20 + 72(z − d)3L0 − 36(z − d)4], d ≤ z ≤ d+ L0,
= (1, α), otherwise, (1)
where R ∼= R(z) and R0 are the radius of the tube with and without constriction, respectively; L is the tube length, L0 is the
stenosis length and d indicates the location of the stenosis, α is the ratio of the central core radius to the tube radius in the
unobstructed region and (δ, δ1) are the maximum height of the stenosis and bulging of the interface at two locations in the
stenotic region at z = d+ L0/6 and z = d+5L0/6. The stenosis height located at z = d+ L0/2, called critical height, is 3δ/4.
Under the assumptions and simplifications discussed in [20], the appropriate equations describing the flow in the case
of a mild stenosis, with the additional conditions [4,21,12]: δ/R0  1, Re(2δ/L0) 1 and 2R0/L0 ∼ O(1), are given as
(1− C)dp
dz
= (1− C)µs(C)
r
∂
∂r
(
r
∂
∂r
)
uf + CS(up − uf ), 0 ≤ r ≤ R1, (2)
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Fig. 2. The shape of the central layer.
C
dp
dz
= CS(uf − up), 0 ≤ r ≤ R1, (3)
dp
dz
= µ0
r
∂
∂r
(
r
∂
∂r
)
u0, R1 ≤ r ≤ R, (4)
where (Re, p) are (tube Reynolds number, pressure), (r, z) are two-dimensional cylindrical polar coordinates with z
measured along the axis of the tube and r measured normal to the tube axis, (uf , up) are the axial velocity of (fluid, particle)
phases in the core region (0 ≤ r ≤ R1), (µ0, u0) are (viscosity, axial velocity) of fluid (plasma) in the peripheral region
(R1 ≤ r ≤ R), µS(C) ∼= µS is the suspension viscosity (apparent or effective viscosity) in the core region, C denotes
constant [26] volume fraction density of the particles (called hematocrit), S is the drag coefficient of interaction exerted by
one phase on the other, and the subscripts f and p denote the quantities associated with the plasma (fluid) and erythrocyte
(particle) phases, respectively. The volume fraction density, C of the particle is chosen to be constant which is a good
approximation for the low concentration of small particles [27,26]. Other limitations of the present model are described
in [21].
The expressions for the viscosity of suspension, µs and the drag coefficient of interaction, S for the present study are
selected [15,28,21] as
µs ∼= µs(C) = µ01− qC ,
q = 0.07 exp
[
2.49C +
(
1107
T
)
exp(−1.69C)
]
, (5)
S = 4.5(µ0/a20)
4+ 3[8C − 3C2]1/2 + 3C
(2− 3C)2 , (6)
where T is measured in absolute scale of the temperature (°K), µs is the constant plasma viscosity and a0 is the radius
of an erythrocyte. The empirical relation for the suspension viscosity suggested by Charm and Kurland [15] is found to
be reasonable accurate upto C = 0.6 (i.e., 60% hematocrit). Charm and Kurland [15] tested Eq. (5) with a cone and plate
viscometer and found it to be in agreement with in 10% in the case of blood.
The boundary conditions are the standard no slip conditions of velocities and the shear stresses at the tube wall and the
interface, and are given as
u0 = 0 at r = R, (7)
u0 = uf and τp = τf at r = R1, (8)
∂uf
∂r
= ∂up
∂r
= 0 at r = 0, (9)
where τp = µ0∂u0/∂r and τf = (1− C)µs∂uf /∂r are the shear stresses of the peripheral and central layers, respectively.
3. Analysis
The expressions for velocities, u0, uf and up obtained as the solutions of Eqs. (2)–(4), subject to the boundary conditions
(7)–(9), are given as
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u0 = − R
2
0
4µ0
dp
dz
{
(R/R0)2 − (r/R0)2
}
, R1 ≤ r ≤ R, (10)
uf = − R
2
0
4(1− C)µ0
dp
dz
[
µ
{
(R1/R0)2 − (r/R0)2
}+ (1− C) {(R/R0)2 − (r/R0)2}] 0 ≤ r ≤ R1, (11)
up = − R
2
0
4(1− C)µ0
dp
dz
{
µ
[
(R1/R0)2 − (r/R0)2
]+ (1− C) [(R/R0)2 − (r/R0)2]+ 4(1− C)µ0SR20
}
,
0 ≤ r ≤ R1, (12)
where µ = µ0/µs.
The flow flux, Q is now calculated as
Q = 2pi
{∫ R
R1
ru0dr +
∫ R1
0
r
[
(1− C)uf + Cup
]
dr
}
= − piR
4
0
8(1− C)µ0
dp
dz
{
(1− C) [(R/R0)4 − (R1/R0)4]+ µ (R1/R0)4 + β (R1/R0)2} , (13)
with β = 8C(1− C)µ0/SR20, a non-dimensional suspension parameter.
Following now the report of Srivastava [21] and using the fact that the total flux is equal to the sum of the fluxes across
the two regions (peripheral and core), one determines the relations: R1 = αR and δ1 = αδ. In view of these relations, the
pressure drop,1p (=p at z = 0,−p at z = L) across the stenosis between the sections z = 0 and z = L, is calculated from
Eq. (13) as
1p =
∫ L
0
(
−dp
dz
)
dz
= 8(1− C)µ0Q
piR40
ψ, (14)
where
ψ =
∫ d
0
[φ(z)]R/R0=1 dz +
∫ d+L0
d
φ(z) dz +
∫ L
d+L0
[φ(z)]R/Ro=1 dz,
φ(z) = 1
η (R/R0)4 + βα2 (R/R0)2
,
η = (1− C)(1− α4)+ µα4.
The first and third integrals in the expression for ψ obtained above are straight forward whereas the evaluation of the
second integral in closed form is a formidable task and thus will be evaluated numerically. Following [2,12], one derives the
expression for the impedance (flow resistance), λ, the wall shear stress, τw , the shear stress at the stenosis throats, τs and
the shear stresses at the critical stenosis height, τc in their non-dimensional form as
λ = (1− C)
{
1− L0/L
η + βα2 +
1
L
∫ d+L0
d
dz
η(R/R0)4 + βα2(R/R0)2
}
, (15)
τw = (1− C)
η(R/R0)3 + βα2(R/R0) , (16)
τs = (1− C)
η(1− 5δ/4R0)3 + βα2(1− 5δ/4R0) , (17)
τc = (1− C)
η(1− 3δ/4R0)3 + βα2(1− 3δ/4R0) , (18)
where
λ = λ¯/λ0, (τw, τs, τc) = (τw, τs, τc)/τ0,
λ = 1p/Q , τw = −(R/2)(dp/dz),
τs = [−(R/2)(dp/dz)]R/R0=(1−5δ/4R0),
τc = [−(R/2)(dp/dz)]R/R0=(1−3δ/4R0),
λ0 = 8µ0L/piR40, τ0 = 4µ0Q/piR30,
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λ0 and τ0 are the impedance and shear stress in a normal (no stenosis) artery for a Newtonian fluid (i.e., C = 0), and (λ,
τw, τs, τc) are (impedance, wall shear stress, shear stress at the stenosis throats, shear stress at stenosis critical height) in
their dimensional form. It is to note here that the expression for the shear stress is the same at the two stenosis throats.
When the core mixture behaves like a Newtonian fluid of constant viscosity,µ1 (different fromµ0), the results obtained
above reduce to the case of two-fluid model of Newtonian fluid as
λt = γ
{
1− L0/L+ (1/L)
∫ d+L0
0
dz
(R/R0)4
}
, (19)
τwt = γ
(R/R0)3
, (20)
τst = γ
(1− 5δ/4R0)3 , (21)
τct = γ
(1− 3δ/4R0)3 , (22)
with γ = 1/[1 − (1 − µ′)α4], µ′ = µ0/µ1. The second subscript t denotes the quantities associated with the two-fluid
model of Newtonian fluids.
In the absence of the peripheral layer (i.e., α = 1), the expressions for the flow characteristics obtained in Eqs. (15)–(18)
derive the corresponding results for the case of a single-layered macroscopic two-phase blood flow as
λm = (1− C)
{
1− L0/L
µ+ β +
1
L
∫ d+L0
d
dz
µ(R/R0)4 + β(R/R0)2
}
, (23)
τwm = (1− C)
µ(R/R0)3 + β(R/R0) , (24)
τsm = (1− C)
µ(1− 5δ/4R0)3 + β(1− 5δ/4R0) , (25)
τcm = (1− C)
µ(1− 3δ/4R0)3 + β(1− 3δ/4R0) . (26)
The second subscriptm stands for the quantities associated with the flow of a single-layered macroscopic two-phase blood
flow. Further, it is interesting to note that in the absence of the particle phase in the core region, the two-phase fluid in the
core region reduces to the same fluid as in the peripheral region and consequently the role of the interface automatically
disappears and one obtains the expressions for the blood flow characteristics for a single-layered Newtonian fluid as
λN = 1− L0/L+ 1L
∫ d+L0
d
dz
(R/R0)4
, (27)
τwN = 1
(R/R0)3
, (28)
τsN = 1
(1− 5δ/4R0)3 , (29)
τcN = 1
(1− 3δ/4R0)3 , (30)
where the second subscript N stands for single-layered Newtonian fluid.
4. Numerical results and discussion
To discuss the results of the study quantitatively, computer codes were developed for the numerical evaluation of the
analytical results obtained in Eqs. (14)–(18) for various parameter values at the temperature of 37 °C in a tube of radius
R0 = 0.01 cm and some critical results are displayed graphically in Figs. 3–10. In view of the fact that the peripheral
layer thickness strongly depends on core suspension viscosity (i.e., on erythrocyte concentration; [22,21]), we choose
2a0 (diameter of a red cell) = 8 µm, the peripheral layer thickness, ε (µm) ∼= ε(C) = 6.18, 4.67, 3.60, 3.12, 2.58, 2.18
corresponding to the hematocrit, C = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, respectively [18]. The value of the parameter, α is then
calculated from the relation: α = 1− ε/R0. The other parameter values are selected ([4,12,26] as: d (cm) = 0; L0 (cm) = 1;
L (cm) = 1, 2, 5; δ/R0 = 0, 0.05, 0.10, 0.15, 0.20. It is worth to mention here that the present study corresponds to the case
of a Newtonian fluid and no stenosis for parameter values C = 0 and δ/R0 = 0, respectively.
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Fig. 3. Variation of impedance, λwith δ/R0 for different C .
Fig. 4. Variation of impedance, λwith δ/R0 for different C and L.
The flow resistance (impedance), λ increases with hematocrit, C for any given stenosis height, δ/R0 and also increases
with the stenosis height, δ/R0 for any given hematocrit, C in both the single and double-layered analyses. However, the
impedance, λ assumes lower magnitude in the two-fluid model than its corresponding magnitude in one-fluid model for
any given hematocrit, C (Fig. 3). The blood flow characteristic, λ decreases with increasing tube length, L which in terms
implies that λ increases with increasing stenosis length (Fig. 4). The impedance, λ increases steeply with C for any given
stenosis height, δ/R0 (Fig. 5).
In both the one and two-layered models, the wall shear stress in the stenotic region, τw rapidly increases from its
approached value at z = 0 to its peak value in theupstreamof the first stenosis throat at z/L0 = 1/6, it thendecreases steeply
in the downstream of the first throat to its magnitude at the critical height (0.75δ/R0) of the stenosis at z/L0 = 1/2. The
flow characteristic, τw further increases steeply in the upstream of the second stenosis throat and attains its peakmagnitude
(same as at the first throat of the stenosis) at the second throat of the stenosis at z/L0 = 5/6, it then decreases rapidly to
the same magnitude as its approached value (at z = 0) at the end point of the constriction profile at z/L0 = 1 (Fig. 6). It
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Fig. 5. Variation of impedance, λwith C for different δ/R0 .
Fig. 6. Wall shear stress distribution instenotic region, τw for different δ/R0 and C .
is to note here that at any axial distance in the stenotic region, the shear stress, τw assumes lower magnitude in two-fluid
model than its corresponding value in the one-fluid model for any given set of other parameters. Numerical results reveal
that at any axial location in the stenotic region, the blood flow characteristics, τw increases with stenosis height, δ/R0. It is
to note here that the flow characteristics, τw assumes significantly lower magnitude at critical height of the stenosis than
its magnitude at stenosis throat. One notices that the shear stress at stenosis throats, τs increases with hematocrit, C and
stenosis height, δ/R0 in both the two analyses (single and double-layered). The nature of the variations of τs with respect to
any parameter is similar to that of the flow resistance, λ (Figs. 3 and 7). The magnitude of the shear stress, τs is higher than
the correspondingmagnitude of the impedance, λ (Fig. 8). One further observes that the nature of the variations of the shear
stress at stenosis critical height (i.e., at z/L0 = 0.5), τc is similar to that of the impedance, λ and shear stress at stenosis
throats, τs. However, the flow characteristic, τc assumes significantly lower magnitude than its corresponding value of the
characteristics, τs (Figs. 9 and 10).
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Fig. 7. Variation of shear stress at stenosis throats, τs with δ/R0 for different C .
L0=L=1
Numbers
two-layered (α<1)
one-layered (α=1)
δ/R0
Fig. 8. Variation of shear stress at stenosis throats, τs with C for different δ/R0 .
5. Conclusions
To observe the effects of hematocrit and the peripheral layer on flow characteristics of blood, a two-layered model of
blood, assuming that blood in the central region is represented by a suspension of erythrocytes in plasma, has been applied to
discuss the flow through an overlapping stenosis in a narrow artery. The flow characteristics (impedance, wall shear stress in
the stenotic region, shear stress at stenosis throats and at the critical height of the stenosis) increase with hematocrit as well
as with stenosis size (height and length). The flow characteristics assume lower magnitude in two-layered model than its
corresponding value in one-layered model. This concludes that the peripheral layer helps in the functioning of the diseased
artery. The shear stress at the two stenosis throats assumes the same magnitude. The shear stress at the critical height of
the stenosis assumes significantly smaller value than at stenosis throats. The nature of variations in the flow characteristics
is similar with respect to any given parameter. Some comments need to made here regarding the parameter, α. It is to
note from the report of Haynes [18] that the peripheral layer thickness, ε decreases with increasing hematocrit, C for a
given artery radius, R0 and increases with decreasing artery radius, R0 for a given hematocrit, C . This in term implies that
the parameter, α increases with increasing hematocrit, C for a given artery radius, R0 but increases with decreasing artery
radius for any given hematocrit, C .
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L0=L=1
 Numbers C
two-layered (α<1)
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Fig. 9. Variation of shear stress at critical stenosis height, τc with δ/R0 for different C .
L0=L=1
 Numbers
two-layered (α<1)
one-layered (α=1)
δ/R0
Fig. 10. Variation of shear stress at critical stenosis height, τc with C for different δ/R0 .
The discussion presented above clearly reveals the significance of the study. The two-phase fluid (core region) seems to
be more sensitive to the stenosis than the single-phase fluid (i.e., C = 0, Newtonian fluid). The condition δ/R0  1, limits
the usefulness of the study to very early stages of the vessel constriction, which enables one the use of fully developed flow
equations and leads to the locally Poiseuille like flow and closed form solutions. Parameter δ/R0 is restricted up to 0.15 as
beyond this value a separation in the flow may occur even at a relatively small Reynolds number [4,2]. Although, the study
has been conducted under several simplifications and restrictions, it still enables one to have an estimate of the effects of the
hematocrit and peripheral layer simultaneously on the blood flow characteristics due to presence of an overlapping stenosis
in an artery, seems to be of a particular type and application in the literature. The consideration of a pulsatile flow and the
cases of a severe stenosis, however, are the future scope of the study. Further careful investigations are thus suggested to
address the problem more realistically and to overcome the restrictions imposed on the present work.
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